Mathematical Assoc. of America

American Mathematical Monthly 121:1

March 25, 2016

2:38 p.m.

Image-of-A-Square-2016-03-25.tex

The Image of a Square
Annalisa Crannell, Marc Frantz, and Fumiko Futamura ∗

Abstract. Every quadrangle is the perspective image of a square. We illustrate this statement
by using perspective art techniques and by analogy to the visualization of conic sections.
We also give examples of how understanding perspective images of squares can be applied
fruitfully in the areas of photogrammetry (determining true relative sizes of real-world objects
from a photograph) and linear algebra (more specifically, in the decomposition of projective
transformations).

Figure 1. The first figure of Brook Taylor’s New Principles of Linear Perspective [17]. Here, ABCD depicts
a square, and abcd depicts the image of a square (used with the permission of the Max Planck Institute for the
History of Science).

What looks like a square? Which geometric shapes are the images of squares?
Brook Taylor—of Taylor Series fame—illustrated literally the centrality of squares
to perspective artists in the first drawing of his New Principles of Linear Perspective,
published in 1719 [17]. Taylor was both an accomplished mathematician and a skillful
landscape painter. New Principles brought Taylor’s interest in mathematics and drawing together, noting in the preface that the subject of perspective “. . . has still been
left in so low a degree of Perfection, as it is found to be, in the Books that have been
hitherto wrote upon it.” His book introduced, among other things, the usefulness of a
“vanishing line” (a generalization of the more familiar “vanishing point”), and stirred
a revival of interest in the mathematics of perspective in Europe [1].
Figure 1 demonstrates Taylor’s set-up illustrating that the trapezoid abcd is the
perspective image of the square ABCD. A question Taylor could have asked himself
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(but apparently never did) is, how much could we deform abcd and still be able to
make the same claim? Could a, b, c, d be the vertices of a diamond? What about a
kite? Could they be the vertices of a nonconvex shape such as a Penrose dart? The
answer is surprising: Every quadrangle is the perspective image of a square.
The goal of this paper is to provide some visually compelling insight into the correspondence between squares and their many images—a visual insight that incorporates
not only familiar images of direct perspective such as Taylor’s, but also allows for
somewhat more complicated interpretations of perspective (such as the disconnected
pools of light in Figure 2). Along the way, we draw analogies between our main theorem and images of conic sections.
In addition to giving the theorem a robust visual interpretation, we will also give examples of how understanding perspective images of squares can be applied fruitfully
in the areas of photogrammetry (determining true relative sizes of real-world objects
from a photograph) and linear algebra (more specifically, in the decomposition of projective transformations). We’ll use these fields to dig into some of the “why we care”
aspect of this subject.
But first, we will need some definitions and background.
1. A LAMP AND SOME TERMINOLOGY In this section we introduce some terminology motivated by lamplight on a wall. Figure 2 shows a lamp with a box-shaped
lampshade (a rectangular parallelepiped) with square horizontal cross sections and one
face parallel to a wall. The light bulb O, which we idealize as a point, is at the center of
the shade, and through the square openings at the top and bottom of the lampshade, the
bulb projects two trapezoidal pools of light on the wall. At first glance these two pools
of light don’t seem too remarkable, possibly because we think of the bulb projecting
the upper square opening ABCD of the lampshade onto the wall and ceiling, and the
lower opening onto the wall and floor. However, there is a more interesting way of
looking at this image.
It is possible to regard the square ABCD as being completely projected onto the
wall, which we think of as an infinite plane π . The image of any point, say A, is the
unique point on the wall collinear with A and the center of projection O. Following the
dashed “connector” OA, we see that the image of A is Aπ , and similarly the image of
B is Bπ . The image of C is a little different, because O lies between C and its image
Cπ . The same applies to D and Dπ . Notice how crucial the bottom of the lampshade
is in physically realizing the complete projection. The result is that the interior of
ABCD is projected to two separate, unbounded pools of light.
The unboundedness prompts a second look, revealing something we have glossed
over. The midpoints of AD and BC on the top of the lampshade are marked in white.
A line from O to either of these points is parallel to the plane π , hence the images
of these points are in some sense infinitely distant. If we were to be really precise
about it—which we won’t—we would need the complete formalism of spaces like E2
and E3 , called extended Euclidean space (see [6, p. 60–62] or [14, p. 84] for a formal
definition). For the purposes of this paper, it suffices to think of these spaces as the
union of all points in R2 or R3 (called ordinary points) together with additional points
(called points at infinity) such that every set of parallel lines meet at exactly one point at
infinity and every set of parallel planes meet at exactly one line at infinity. In particular,
the images of the midpoints of AD and BC are points at infinity belonging to the
(extended) plane π . (Geometers will be familiar with a similar space, real projective
space or PR3 ; working in E3 instead of PR3 allows us to use the standard metric
properties of Rn such as distance between ordinary points and angles between ordinary
lines.)
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Figure 2. A wall-mounted lamp with a square lampshade (a rectangular parallelepiped with square ends).

What we would really like to say is that the quadrangle Aπ Bπ Cπ Dπ is the image
of the square ABCD. However, the term “quadrangle” often refers to figures having
line segments as edges (see for example [18]). If we trace in order the points Aπ , Bπ ,
Cπ , Dπ in Figure 2, we trace a “bow tie” like that in Figure 3(a). However, we should
not regard that figure as the image of the square ABCD; for example, our previous
remarks show that the interior of segment AD does not map to the interior of Aπ Dπ ,
and the interior of BC does not map to the interior of Bπ Cπ . To address this issue,
we will modify our usual geometric definitions somewhat. Let us agree that, given
four coplanar points A, B , C , D, no three of which are collinear, “the quadrangle
ABCD” refers to the points A, B , C , and D called vertices, and the infinite lines AB ,
BC , CD, and DA, called edges. The same goes for the quadrangle Aπ Bπ Cπ Dπ . It
will also be useful to refer to the diagonals of ABCD, namely the infinite lines AC
and BD. Thus, the notation determines which of the six lines associated with the
quadrangle ABCD are to be considered edges and which diagonals. In Figure 3(b)
the edges of the quadrangles ABCD and Aπ Bπ Cπ Dπ are drawn with solid lines, and
the diagonals with dashed lines.
In fact, we regard the edges and diagonals not just as infinite lines but as extended
lines, meaning that each contains a point at infinity. In a natural way, a quadrangle
ABCD is a parallelogram if AB k CD (AB is parallel to CD, meaning that they
meet at a point at infinity) and AD k BC . A parallelogram is a rectangle if adjacent
edges (that is, edges with a common vertex) are perpendicular, say AB ⊥ BC , and a
rectangle is a square if its diagonals are perpendicular; that is, if AC ⊥ BD. Therefore
the lamp in Figure 2 projects a square ABCD like that in Figure 3(b) to a quadrangle
Aπ Bπ Cπ Dπ like the one next to it. The edges AD and BC , being parallel, have a
January 2014]
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(b)

Figure 3. We choose the two figures in (b) to represent quadrangles ABCD and Aπ Bπ Cπ Dπ , rather than
those in (a). The extended solid lines are edges and the dashed lines are diagonals.

common point at infinity, and as we will show, that point projects to the center of the
“×” in Figure 3(b)—that is, the intersection Aπ Dπ · Bπ Cπ .
Before discussing that point at infinity, we add a few more auxiliary parts to our
concept of a quadrangle. To motivate the choice of terminology, Figure 4 portrays a
quadrangle ABCD as the top of a box drawn in perspective. The box could be say,
an office building seen from an airplane, with a horizon line v seen in the distance. In
imitation of Taylor’s perspective drawing terminology [1, p. 8], we denote the principal
vanishing points of ABCD to be the intersections V = AD · BC and V 0 = AB ·
CD of non-adjacent edges of the quadrangle. These points determine the line v , which
we will call the vanishing line of ABCD. The points W = v · AC and W 0 = v · BD
are the vanishing points of the diagonals.

Figure 4. Auxiliary parts of a quadrangle, portrayed as the top of a building with a distant horizon.

The adjective “vanishing” is typically applied to points or lines when thinking of
them as images of other points or lines that are infinitely distant. This adjective is fairly
suggestive in Figure 4 if we think of an infinitely distant horizon, but what about the
unmarked vanishing point Vπ = Aπ Dπ · Bπ Cπ in Figure 3(b)? Recall that in Figure 2
we located the image of A by extending the dashed connector OA until it met the
wall π at Aπ , and so on. Now AD and BC , being parallel in space, meet at an infinitely distant vanishing point V . To aim a connector from O in the direction of V ,
we must aim it parallel to AD and BC , hence this connector is represented by the
black mounting post of the lamp, which meets π at the wall mount, represented by a
little black disk. The disk represents the center of the × of Figure 3b, that is, the point
Vπ = Aπ Dπ · Bπ Cπ on the wall that is the image of the infinitely distant point V .
Although the lamp may seem unremarkable at first, each of its parts—the bulb, the
shade, the post, and the wall mount—has an interesting interpretation.
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A few more remarks before we present the main theorem. We have seen that the
light rays of the light bulb O define a bijective mapping from the plane of ABCD
to plane of the wall. Given distinct, extended planes σ and π , and a point O not on
either of them, we call fO : σ → π a perspectivity with center O if for each point
X ∈ σ , the point Xπ = fO (X) is the point of π collinear with O and X . Likewise,
fO−1 : π → σ is also a perspectivity with center O. The intersection line σ · π is a
line of fixed points, called the axis of fO . Given a set S in σ , we call fO (S) the
perspective image of S (under fO ). Since the latter set is also the perspective image
of the former under fO−1 , the two sets are said to be in perspective. In particular, we
say that a quadrangle (in one plane) is the perspective image of a square (in another)
if a perspectivity maps the vertices and edges of the square to the vertices and edges,
respectively, of the quadrangle. We note also that points at infinity are sometimes called
directions, because every line through such a point runs in the same (parallel) direction.
We will use the fact that two such points represent perpendicular directions when every
line containing one point is perpendicular to every line containing the other.
To assist in reading and following the notation, we have adapted Andersen’s
mnemonic for choosing variable names [1]: π and σ for planes, with σ containing
the square, a for the axis between π and σ , v for vanishing lines, and V , V 0 , W , W 0
for vanishing points.
2. MAIN THEOREM The theorem that every quadrangle is the perspective image
of a square is both known and unfamiliar. It is known in the sense that the theorem appears in various papers and books in the mathematical literature (Dörrie, for example,
called this theorem one of the “true jewels of mathematical miniature work” and used a
diagram of the proof to adorn the cover of his book [4]). But proofs have tended to fall
into one of two camps. The proofs that appeal to visual perspective restrict themselves
implicitly to the case of convex polygons (most notably, see [5]); approaches that allow for more general configurations (for example [4], [9], and [19]) often discard the
visual interpretation, although even in those cases the accompanying diagrams show
the usual convex set-up. Perhaps this disconnect between “visualizing” and “proving”
explains why the theorem is also unfamiliar; it seems to appear infrequently in modern
projective geometry texts, and sometimes its appearance in the literature even comes
as a conjecture or a puzzle (see the concluding question of [13] and the contest at [12]).
Since versions of our main theorem are proved elsewhere, we give an informal
proof, concentrating on the “generic” case of a quadrangle ABCD in which no two
edges are parallel, so that the vanishing points V , V 0 , W , W 0 are all ordinary.
Theorem 1. Every quadrangle is the perspective image of a square.
Proof. Let ABCD be a quadrangle in a plane π , with vanishing points V , V 0 , W , W 0
and vanishing line v (see Figure 5). Let a be an ordinary line in π parallel to v , and
let σ be another plane containing a. Let σ 0 be the plane containing v that is parallel to
σ , and let O be one of the intersection points of the circles in σ 0 with diameters V V 0
and W W 0 . We claim that the perspectivity fO : π → σ maps ABCD to a square
Aσ Bσ Cσ Dσ , where Aσ = fO (A), Bσ = fO (B), etc. Since σ and σ 0 are parallel, fO
maps V , V 0 , W , W 0 to respective points Vσ , Vσ0 , Wσ , Wσ0 at infinity. This tells us
that the lines Aσ Dσ Vσ and Bσ Cσ Vσ are parallel; similarly the lines Aσ Bσ Vσ0 and
Cσ Dσ Vσ0 are parallel. Thus the image quadrangle Aσ Bσ Cσ Dσ is a parallelogram. By
Thales’ theorem for triangles inscribed in a semi-circle, OV ⊥ OV 0 , so Vσ and Vσ0
are perpendicular directions and thus Aσ Bσ Cσ Dσ is a rectangle. Similarly, Wσ and
Wσ0 are perpendicular directions, so Aσ Bσ Cσ Dσ has perpendicular diagonals and is
therefore a square.
January 2014]
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Figure 5. Illustration of the proof of Theorem 1.

The method of the proof is easily adapted to the case of the bow tie quadrangle
Aπ Bπ Cπ Dπ of Figure 3(b), which resulted from the lamp projection. In Figure 6
the plane π of Aπ Bπ Cπ Dπ lies horizontally, with one of the vanishing points of the
quadrangle given by Vπ = Aπ Dπ · Bπ Cπ , in analogy to Figure 4. Where are the other
three vanishing points? With regard to Vπ0 = Aπ Bπ · Cπ Dπ , we have Aπ Bπ k Cπ Dπ ,
hence Vπ0 is the point at infinity—that is, the direction—parallel to Aπ Bπ and Cπ Dπ .
We therefore draw the vanishing line vπ through Vπ parallel to Cπ Dπ as shown, and
locate Wπ = vπ · Aπ Cπ and Wπ0 = vπ · Bπ Dπ . To locate the center of projection O
as in the proof, let σ 0 be the plane through vπ perpendicular (for convenience) to π ,
and draw a semicircle in σ 0 with diameter Wπ Wπ0 . Since Vπ0 is at infinity, there is no
semicircle in σ 0 with diameter Vπ Vπ0 , but if we imagine Vπ0 as an ordinary point on vπ
to the left (say) of Vπ , and then move Vπ0 farther and farther to the left, a semicircle
connecting the two points stays anchored at Vπ and locally looks more and more like
a ray perpendicular to vπ at Vπ . This turns out to be the correct approach; as shown
in Figure 6, O is the intersection of the perpendicular to vπ at Vπ with the semicircle
having diameter Wπ Wπ0 .

Figure 6. The construction of O in the case of the bow tie quadrangle Aπ Bπ Cπ Dπ .

The other parts of the proof can be done analogously to the proof of Theorem 1, as
in Figure 7. Observe that the location of O is visually consistent with the location of
the light bulb in Figure 2.
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TOP OF LAMP

Figure 7. Completing the square for the bow tie quadrangle Aπ Bπ Cπ Dπ . If we stood above the lamp in
Figure 2 and looked down, ABCD would be the top of the lampshade and Aπ Bπ Cπ Dπ its image on the
wall.

3. SQUARE CONICS Because we generalized the concepts of vanishing points and
vanishing lines of arbitrary quadrangles, we can now draw squares as perspective images of some rather unusual quadrangles. However, there are better ways to see how
squares can be perspective with unexpected shapes. Figure 8 shows a variation on the
lamp idea; it’s a floor lamp with a box-shaped shade, but in this case the nearby wall
plane π is slanted, as might happen in an attic room. The square opening ABCD of
the lampshade projects to a quadrangle Aπ Bπ Cπ Dπ that includes a dart shape, diagrammed in the inset at the upper right.
Our two lamp examples are reminiscent of a common example of conic sections,
namely the light patterns cast by a lamp with a circular cylindrical shade. With the
bulb at the center of the shade, the light streams out in a double-napped circular cone,
and the sections of the cone of light by walls, floor, and ceiling are conic sections. If
instead of a circular cone like x2 + y 2 = z 2 we consider a surface of the form

|x| + |y| = |z|,
we get a “square cone” like that in Figure 9, comprised of a pair of pyramids with
square horizontal cross sections. That is, we get the kind of volume illuminated by the
square lampshades in our examples, and each section of such a cone is the perspective
image of a square. We think of the vertex O = (0, 0, 0) as the center of perspective,
and choose a square, horizontal slice ABCD as the square of interest. In Figure 9
the plane π meets only the lower pyramid, the intersection being a convex quadrangle
Aπ Bπ Cπ Dπ . Indeed, the idea of looking at the intersection of a pyramid with a plane
was the basis for a proof that Emch published in this journal in 1917 illustrating, in his
words, “the importance of perspective as an introduction to projective geometry” [5].
But for more interesting quadrangles, we need more than just one of the pyramids;
we need the full cone. In Figure 10 we see two views of a situation in which the
plane π tilts so that it meets all four faces of the upper pyramid, and just two faces of
the lower pyramid. The intersection of the plane and the cone is a dart-type quadrangle
Aπ Bπ Cπ Dπ , like that created by the lamp in Figure 8. The formula for the square cone
is easy to work with, and we encourage readers to use a graphing program to explore
the interesting variety of “square conics” analogous to circles, ellipses, parabolas, and
hyperbolas. All of them are images of a square!
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Figure 8. A floor lamp with a square lampshade casts light on an attic wall.

4. IMITATING THE MASTERS Our work so far has given the impression that a
square and its quadrangle image always (or often) lie in separate planes. But a similar
result to Theorem 1 holds even when we restrict all objects to a single plane. The proof
of Theorem 1 leads to the solution of a same-plane drawing problem that is essentially
the reverse of a type investigated by Renaissance masters such as Leone Battista Alberti (1404–1472) and Piero della Francesca (1415–1492), as well as mathematician
Brook Taylor. In Figure 11, which is is essentially a partial version of Figure 5, we
think of the planes σ and π as the front and top, respectively, of a box (rectangular parallelepiped). The problem posed by the masters involved a regular polygon or circle
drawn undistorted on the front of a box, and they sought to reproduce a copy of that
object seen obliquely in perspective on the top of the box. The solutions generally
resulted in a figure on the top that was the perspective image of the one on the front
(see for example [11, pp. 186–189]). The proofs given here show that reverse can be
done, that is, start with a quadrangle ABCD in the plane π —a square distorted by
perspective—and draw a square Aσ Bσ Cσ Dσ in the plane σ that is the perspective
image of ABCD under some perspectivity from π to σ .
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Figure 9. Plane section of a square cone.

Figure 10. Two views of another square conic.

Figure 11 illustrates how to locate the image Aσ of A using a method that is essentially the reverse of one presented by Brook Taylor [17, Figure 16]; the other points
are located the same way. To locate Aσ , we extend the line AD until it meets the vanishing line v at V and the axis a at X . We then draw ` through X so that the lines
` and OV are parallel; we claim ` is the image of the line AD. Why is this? Recall
that X , lying on the axis, is a fixed point of the perspectivity; moreover the point at
infinity on Aσ Dσ is the image Vσ of V , which has the same direction as OV .1 Hence,
1A

fine point needed here is that we also consider the planes σ 0 and σ to be parallel in space to the plane
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Aσ Dσ = `. To locate Aσ on `, we extend the connector OA until it meets ` at Aσ .
The other points Bσ , Cσ , and Dσ are located similarly.

parallel

Figure 11. We reverse Taylor’s method for constructing the perspective image of a square.

Perspective collineations The diagram of Figure 11 actually illustrates two types of
mappings. First, there is the perspectivity fO between the planes π and σ in threedimensional space. In reality of course, the diagram exists entirely in the plane of the
page, hence there is also the plane-to-itself mapping FO that, figuratively speaking,
maps the ink dot labeled A to the ink dot labeled Aσ , and so on. This one-to-one
mapping of the plane to itself is called a perspective collineation; FO has a center O, an
axis a (a line of fixed points), and it maps points to points, lines to lines, and preserves
intersections. From this it follows that FO maps quadrangles to quadrangles. When the
center does not lie on the axis, a perspective collineation is called a homology, and it
is completely determined by specifying its center O, its axis a, and two corresponding
points X and FO (X) collinear with O (see for example [3, p. 53]).
Corollary 1. Any quadrangle is the image under a perspective collineation of a square
in the same plane.
Proof. With just a minor difference, the proof imitates that of Theorem 1. Let ABCD
be a quadrangle in a plane π with vanishing points V , V 0 , W , W 0 and vanishing line
v . Choose O on the intersection of the circles with diameters V V 0 and W W 0 . Let a
be a line in π parallel to v , and let FO be the perspective collineation with center O
and axis a such that Vπ := FO (V ) is the point at infinity on OV . Since v and a are
parallel, they have a common point P at infinity, and Pπ := FO (P ) = P since P lies
on a. But FO (V ) is also a point at infinity, hence FO maps v and the points V , V 0 ,
W , and W 0 to infinity as in the proof of Theorem 1. By the same reasoning as in that
earlier proof, Aπ Bπ Cπ Dπ is a square, where Aπ = FO (A), Bπ = FO (B), etc.
As we will see in the next two sections, this Corollary inspired by Renaissance
artists leads to intriguing modern applications.
of the page, which the whole configuration is projected on. Thus parallel lines in the separate planes are drawn
parallel in the figure.
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5. PROJECTIVE COLLINEATIONS AND APPEARANCE We turn now to exploring one of the useful applications of Corollary 1: a decomposition technique. Decompositions of projective collineations are useful in a variety of modern applications, including the teaching and practice of computer vision, the analysis of video sequences, computer animation, augmented reality, and many other areas (for examples
of the above see [8], [10], [15], and [20], respectively).
In the realm of linear algebra, linear transformations are more general than elementary transformations (these latter include horizontal and vertical shears, horizontal and
vertical compressions/expansions, and reflections). In the same way, in the realm of
projective geometry, projective collineations (that is, transformations of the plane that
take lines to lines) are more general than perspective collineations. Figure 12 shows a
drawing H0 of a house (a set of 11 points A0 , B0 , . . . connected by line segments),
and the image H1 of that drawing under a projective collineation. The collineation is
not perspective, because the connectors A0 A1 , B0 B1 , and C0 C1 of points and their
images are not concurrent at a center of projection.
Decomposing a transformation is often helpful in understanding its properties. Introductory linear algebra texts often mention the fact that an invertible linear transformation of the real plane R2 can be decomposed into the product (composition) of
simpler elementary transformations (see for example [2, p. 454]). Similarly, a projective collineation is a product of perspective collineations.
4
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Figure 12. The figures H0 and H1 are not in perspective.

But do the images we get from a product of elementary or perspective transformations look different from the images of their more elementary counterparts? The figure
H1 looks rather warped; is it possible that a single perspective collineation can map
a house that looks like H0 —that is, a figure similar to H0 —to the strange-looking
set H1 ? The answer is yes. The proof depends on the fundamental theorem of projective geometry, which says that a projective collineation is completely determined
January 2014]
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by specifying the images of four points in the extended plane, no three of which are
collinear. We also use the fact that a similarity of the plane—an affine transformation
that preserves angles—is a projective collineation.
Corollary 2. A projective collineation is the product of a perspective collineation and
a similarity.
Proof. Let G be a projective collineation of the extended plane, let A0 B0 C0 D0 be a
square, and let the quadrangle A1 B1 C1 D1 be the image of A0 B0 C0 D0 under G, with
A1 = G(A0 ), etc. By Corollary 1, there exists a square A2 B2 C2 D2 and a perspective
collineation FO with center O that maps A2 B2 C2 D2 to A1 B1 C1 D1 . Clearly there
exists a similarity S that maps the square A0 B0 C0 D0 to the square A2 B2 C2 D2 , hence
FO ◦ S maps A0 B0 C0 D0 to A1 B1 C1 D1 . It follows from the fundamental theorem of
projective geometry that G = FO ◦ S .
Corollary 3. If the center of the perspective collineation given by Corollary 2 is an
ordinary point, we can write the projective collineation as the product of a perspective
collineation and an isometry.
Proof. If the center O is an ordinary point, then by contracting the square A2 B2 C2 D2
toward O or by expanding the square away from O along the lines of perspectivity, we
can construct FO such that A2 B2 C2 D2 is the same size as A0 B0 C0 D0 . It follows that
S can be chosen to be an isometry.
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Figure 13. A decomposition of the projective collineation in Figure 12. The figure H0 is mapped to H2 by a
similarity, and H2 is mapped to H1 by a perspective collineation with center O.

Although the statements of Corollaries 2 and 3 ought to be well known, we have not
been able to find these elsewhere in the literature. Rather, a common computer vision
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technique (see [8], [16]) decomposes a projective collineation into three components
as the composition of an orientation-preserving similarity, an affine transformation,
and a perspective collineation.
Figure 13 illustrates Corollary 2, which says that the projective collineation of Figure 12 is a product FO ◦ S . The figure H2 in Figure 13 is the image of H1 under the
similarity S , and the point O is the center of the perspective collineation FO that maps
H2 to H1 . We have drawn all the connectors to show that they indeed meet at O. Observe that in this case we could contract H2 toward O and then reflect it in O, to get a
figure congruent (not just similar) to H0 as in Corollary 3.
6. ANALYZING A PHOTOGRAPH The previous section described an application
for decomposition of the functions that give us images; this section describes an application for analyzing the images themselves. Photogrammetry is the science of deducing three-dimensional information from photographs. One of the common applications of this science is auto accident reconstruction, in which photogrammetry allows
practictioners to estimate skid mark lengths from photographs (see for example [7]).
Photogrammetry software uses the mathematics of perspective to transform an oblique
view of skid marks in a photograph into a bird’s-eye view suitable for analysis.
Corollary 1, as we show here, can be very helpful in similar problems. For example,
Figure 14 is a mock-up of a cropped photograph of a hallway with a couple of flyers
affixed to a wall at haphazard angles. Suppose we know that the flyers, designed to
advertise a Mathematics of Origami festival, are squares. The light gray flyer appears
smaller than the dark one, but is it really? We can use Corollary 1 to answer this
question.

Figure 14. Photograph of two square flyers on a wall. Which is larger?

In Figure 15 we use the procedure in the proof of Corollary 1 as follows. We locate
the vanishing points V and V 0 of the edges of the quadrangle representing the dark
flyer. Similarly, we locate the vanishing points W and W 0 of the diagonals of that
quadrangle (not shown to avoid clutter). We then choose a center of perspective O
from the intersection of the circles with diameters V V 0 and W W 0 . We also locate
the vanishing points U, U 0 of the light gray flyer. Observing that the vanishing points
lie on a vertical vanishing line v (consistent with vanishing point information from the
other objects in the hallway), we choose for the axis a the vertical line representing the
corner of the hallway. Using the center O and axis a, we construct the square images
of the flyers under the perspective collineation FO given by Corollary 1.
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Now obviously the resulting images are the correct shape—they’re square, as guaranteed by Corollary 1—but are they the correct relative sizes? To see that they are,
imagine that the actual receding wall is covered by a square grid whose lines are parallel to the edges of the dark square, as suggested in Figure 16. Of course, we see
the receding wall at an oblique angle, so those grid squares don’t appear square; they
are just more quadrangles in the plane of the photograph. Each such quadrangle has
the same principal vanishing points V, V 0 as the dark flyer; likewise, the diagonals of
these quadrangles have the same vanishing points as the diagonals of the dark flyer
(not shown in the figure). Thus FO maps these quadrangles to squares aligned with the
square image of the dark square, resulting in a square grid, as shown to the right of a.
In fact, the image is a faithful, undistorted reproduction of the hallway wall, reversed
from left to right. Since the perspective collineation FO preserves points, lines, and
intersections, it maps any object on the oblique grid so that its image has the corresponding intersection points with the square grid, hence the relative sizes of the dark
square and the light square in Figure 15 are exactly as shown. From this figure, we see
that the light flyer is actually larger than the dark one, which answers our question.

Figure 15. Solution of the photo problem.

We can be even more specific; a standard room is 8 feet high. Measuring carefully
shows us that the light square in Figure 15 is 1/4 as long as the vertical corner edge
of the hallway, so that square is two feet on each side, whereas the near dark square is
3/4 the size of the light square, or 18 inches on a side. That is, with largely geometric
techniques (as opposed to numerical or computational techniques), we can discover
photogrammatic information from a photograph or perspective drawing.
Brook Taylor’s view Observe that in using Corollary 1, we treated the objects in the
photograph as figures all in the same plane. That is, we solved the problem by constructing a perspective collineation—a map from the plane to itself. But alternatively,
we could have considered this as a problem involving several planes, using Theorem 1
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Figure 16. The perspective grid is mapped to a square grid.

to construct a perspectivity from the plane of the receding wall to the plane of the adjacent wall facing us in the photograph. In that case, however, we must bring in some
notions we didn’t treat explicitly in our proof of Theorem 1.
For example, although our proof of Theorem 1 was confined to the situation where
all vanishing points of the given quadrangle are ordinary, the vanishing points of the
flyers on the receding wall lie at infinity, since the edges of the flyers are actually
parallel. Consequently, their common vanishing line, whose image in the photograph
is the line v in Figure 15, lies at infinity also. We can see the line in the diagram, but
it’s infinitely far away in space. To choose a plane σ 0 through this line parallel to the
wall plane σ facing us, we must therefore choose the so-called plane at infinity—the
union of all the points and lines at infinity. Thus center of perspective O, which lies in
σ 0 , is also a point at infinity. In other words, the dashed connectors emanating radially
from O are actually parallel in space to one another—they merely appear to converge
because we see them in perspective, like sunbeams—and the associated perspectivity
with center O is a parallel projection from the receding wall to the wall facing us.
In fact, it can be shown that these rays are parallel in space to the floor and ceiling,
and pierce each wall at a 45◦ angle. This map is therefore an isometry that causes a
reflected image of the receding wall to appear on the wall facing us, as though one wall
were folded at the corner onto the other.
We mention the notion of folding as an isometry because Taylor himself described
the same phenomenon in his construction (the reverse of ours, starting with the square
and obtaining the quadrangle) as “turning” the object plane “till it co-incides with the
Picture,” and concluded [17, p. 22]:
I have observed that the Shapes of the Representations of Figures on a Plane don’t at all depend
upon the Angle the Picture makes with that Plane.

Our investigation into the perspective images of squares began with Taylor’s threedimensional interpretation, and then used those results to move our investigations into
two-dimensional applications. Taylor’s observation—that a same-plane square must
necessarily be the same size as a different-plane square that has the same quadrangle
January 2014]
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image—allows us to come full circle.
Or, perhaps we should say, it allows us to come full square.
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