
Series Solutions

Series solutions near an ordinary point for a second order, linear, homogenous DE
    (1-x) y'' + y = 0

Clear@y, xD
DSolve@H1 - xL y''@xD + y@xD == 0, y@xD, xD

::y@xD Ø -1 + x BesselIB1, 2 -1 + x F C@1D - -1 + x BesselKB1, 2 -1 + x F C@2D>>

ü what can we tell from the DE about a solution?

Note that in standard form, the DE is y'' + (0) y' + J 1
1-x

)y = 0.  The coefficients are p(x) = 0, q(x) = 1
1-x

, g(x) =0.  These are

analytic (i.e.,Taylor Series with a positive radius of convergence, i.e., have an infinite number of continuous derivatives) at every
point of the real line except x0=1.   In other words,  x0=1 is a singular point of the DE and every other point of the real line is an
ordinary point.  In particular, x0=0 is an ordinary point, and we may seek a solution of the form y(x) = ⁄n=0

¶ an xn.  Theory only
guarantees that such a series solution converges on the interval (-1,1).  The solution may be good outside of this interval.

ü 3 terms in each of 2 linearly independent solns

First state the form of the solution to a desired number of terms.

Clear@y, a, y1, y2, i, x, lhs, ysolnD

y=Sum[a[i] x^i, {i,0,6}] + O[x]^7

a@0D + a@1D x + a@2D x2 + a@3D x3 + a@4D x4 + a@5D x5 + a@6D x6 + O@xD7

Calculate the necessary derivatives

y1=D[y,x]

a@1D + 2 a@2D x + 3 a@3D x2 + 4 a@4D x3 + 5 a@5D x4 + 6 a@6D x5 + O@xD6

y2=D[y1,x]

2 a@2D + 6 a@3D x + 12 a@4D x2 + 20 a@5D x3 + 30 a@6D x4 + O@xD5

Substitute y and its derivatives into the differential equation.

lhs=Expand[(1-x)*y2+y]

Ha@0D + 2 a@2DL + Ha@1D - 2 a@2D + 6 a@3DL x + Ha@2D - 6 a@3D + 12 a@4DL x2 +
Ha@3D - 12 a@4D + 20 a@5DL x3 + Ha@4D - 20 a@5D + 30 a@6DL x4 + O@xD5

Equate the coefficients for corresponding powers of x.

LogicalExpand[lhs==0]

a@0D + 2 a@2D ã 0 && a@1D - 2 a@2D + 6 a@3D ã 0 &&
a@2D - 6 a@3D + 12 a@4D ã 0 && a@3D - 12 a@4D + 20 a@5D ã 0 && a@4D - 20 a@5D + 30 a@6D ã 0

Since the DE is second order linear homogeneous, we should be able to solve for all but the first two terms in the series solution.



Since the DE is second order linear homogeneous, we should be able to solve for all but the first two terms in the series solution.

Solve[%,{a[2],a[3],a[4],a[5],a[6]}]

::a@2D Ø -
a@0D

2
, a@3D Ø

1

6
H-a@0D - a@1DL, a@4D Ø

1

24
H-a@0D - 2 a@1DL,

a@5D Ø
1

120
H-2 a@0D - 5 a@1DL, a@6D Ø

1

720
H-7 a@0D - 18 a@1DL>>

Substitute these back into y.

{ysoln}=y/.%

:a@0D + a@1D x -
1

2
a@0D x2 +

1

6
H-a@0D - a@1DL x3 +

1

24
H-a@0D - 2 a@1DL x4 +

1

120
H-2 a@0D - 5 a@1DL x5 +

1

720
H-7 a@0D - 18 a@1DL x6 + O@xD7>

Collect the terms for the two linearly independent series solutions.

ysoln=Collect[ysoln,{a[0],a[1]}]

1 -
x2

2
-
x3

6
-
x4

24
-
x5

60
-
7 x6

720
a@0D + x -

x3

6
-
x4

12
-
x5

24
-
x6

40
a@1D

ysoln

1 -
x2

2
-
x3

6
-
x4

24
-
x5

60
-
7 x6

720
a@0D + x -

x3

6
-
x4

12
-
x5

24
-
x6

40
a@1D

Look at the portions of this solution.  The linearly independent solutions to the homogenous equation are 

y1(x) = 1 - x2

2
- x3

6
- x4

24
- x5

60
- 7 x6

720
+. . .  and y2(x) = x - x3

6
- x4

12
- x5

24
- x6

40
+ . . . 

ü some of these partial sums

ysoln ê. 8x Ø 0<

a@0D

What is y' (0)?

D@ysoln, xD

-x -
x2

2
-
x3

6
-
x4

12
-
7 x5

120
a@0D + 1 -

x2

2
-
x3

3
-
5 x4

24
-
3 x5

20
a@1D

In this case, a[0] is y(0), the y-intercept, and a[1] is the slope of the curve at that point.

D@ysoln, xD ê. 8x Ø 0<

a@1D

Do not worry about the code here; we generate some initial values and some solution curves.  Here we have chosen some points
with different y-intercepts and nonnegative slopes at the initial value of x=0.
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Clear@pts, ptList, fcnList, c1, c2D;
ptList = 8<; fcnList = 8<;

Do@AppendTo@ptList, 80, c1<D, 8c1, -4, 4, 2<D

ForBc1 = -4, c1 § 4,

ForBc2 = 0, c2 § 3, c2++,

AppendToBfcnList, 1 -
x2

2
-
x3

6
-
x4

24
-
x5

60
-
7 x6

720
c1 + x -

x3

6
-
x4

12
-
x5

24
-
x6

40
c2FF;

c1 = c1 + 2F

ptList
fcnList

pts = Graphics@8PointSize@LargeD, Point@ptListD<D;
Show@8Plot@fcnList, 8x, -3, 4<, PlotRange Ø 8-9, 11<D, pts<D

880, -4<, 80, -2<, 80, 0<, 80, 2<, 80, 4<<

:-4 1 -
x2

2
-
x3

6
-
x4

24
-
x5

60
-
7 x6

720
, x -

x3

6
-
x4

12
-
x5

24
-
x6

40
- 4 1 -

x2

2
-
x3

6
-
x4

24
-
x5

60
-
7 x6

720
,

2 x -
x3

6
-
x4

12
-
x5

24
-
x6

40
- 4 1 -

x2

2
-
x3

6
-
x4

24
-
x5

60
-
7 x6

720
,

3 x -
x3

6
-
x4

12
-
x5

24
-
x6

40
- 4 1 -

x2

2
-
x3

6
-
x4

24
-
x5

60
-
7 x6

720
,

-2 1 -
x2

2
-
x3

6
-
x4

24
-
x5

60
-
7 x6

720
, x -

x3

6
-
x4

12
-
x5

24
-
x6

40
- 2 1 -

x2

2
-
x3

6
-
x4

24
-
x5

60
-
7 x6

720
,

2 x -
x3

6
-
x4

12
-
x5

24
-
x6

40
- 2 1 -

x2

2
-
x3

6
-
x4

24
-
x5

60
-
7 x6

720
,

3 x -
x3

6
-
x4

12
-
x5

24
-
x6

40
- 2 1 -

x2

2
-
x3

6
-
x4

24
-
x5

60
-
7 x6

720
, 0,

x -
x3

6
-
x4

12
-
x5

24
-
x6

40
, 2 x -

x3

6
-
x4

12
-
x5

24
-
x6

40
, 3 x -

x3

6
-
x4

12
-
x5

24
-
x6

40
,

2 1 -
x2

2
-
x3

6
-
x4

24
-
x5

60
-
7 x6

720
, x -

x3

6
-
x4

12
-
x5

24
-
x6

40
+ 2 1 -

x2

2
-
x3

6
-
x4

24
-
x5

60
-
7 x6

720
,

2 x -
x3

6
-
x4

12
-
x5

24
-
x6

40
+ 2 1 -

x2

2
-
x3

6
-
x4

24
-
x5

60
-
7 x6

720
,

3 x -
x3

6
-
x4

12
-
x5

24
-
x6

40
+ 2 1 -

x2

2
-
x3

6
-
x4

24
-
x5

60
-
7 x6

720
,

4 1 -
x2

2
-
x3

6
-
x4

24
-
x5

60
-
7 x6

720
, x -

x3

6
-
x4

12
-
x5

24
-
x6

40
+ 4 1 -

x2

2
-
x3

6
-
x4

24
-
x5

60
-
7 x6

720
,

2 x -
x3

6
-
x4

12
-
x5

24
-
x6

40
+ 4 1 -

x2

2
-
x3

6
-
x4

24
-
x5

60
-
7 x6

720
,

3 x -
x3

6
-
x4

12
-
x5

24
-
x6

40
+ 4 1 -

x2

2
-
x3

6
-
x4

24
-
x5

60
-
7 x6

720
>
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-3 -2 -1 1 2 3 4

-5

5

10

ü Aiding in handwork

y(x) = ⁄n=0
¶ an xn.  y'(x)  = ⁄n=1

¶ n an xn-1.   y''(x)  = ⁄n=2
¶ nHn - 1L an xn-2. 

0 = (1 - x) y''(x) + y(x)  = ⁄n=2
¶ nHn - 1L an xn-2 - x ⁄n=2

¶ nHn - 1L an xn-2 + ⁄n=0
¶ an xn 

=  ⁄n=2
¶ nHn - 1L an xn-2 - ⁄n=2

¶ nHn - 1L an xn-1 + ⁄n=0
¶ an xn  (let j=n-2 in series 1, j=n-1 in series 2, j=n in series 3)

= ⁄j=0
¶ H j + 2L H j + 1L a j+2 x j - ⁄j=-0

¶ H j + 1L j a j+1 x j + ⁄j=0
¶ a j x j

= ⁄j=0
¶ 9 H j + 2L H j + 1L a j+2 - H j + 1L j a j+1 + a j= x j   

Table@a@j + 2D ã j ê Hj + 2L * a@j + 1D - 1 ê HHj + 1L * Hj + 2LL a@kD, 8j, 1, 4<D

:a@3D == -
a@1D

6
+
a@2D

3
, a@4D == -

a@2D

12
+
a@3D

2
, a@5D == -

a@3D

20
+
3 a@4D

5
, a@6D == -

a@4D

30
+
2 a@5D

3
>

a@3D == -
a@1D

6
+
a@2D

3
ê. a@2D Ø -1 ê 2 a@0D

a@3D == -
a@0D

6
-
a@1D

6

a@4D == -
a@2D

12
+
a@3D

2
ê. :a@3D Ø -

a@0D

6
-
a@1D

6
, a@2D Ø -a@0D ê 2>

a@4D ==
a@0D

24
+
1

2
-
a@0D

6
-
a@1D

6

Simplify@%D

1

24
Ha@0D + 2 a@1DL + a@4D == 0

Solve@%, a@4DD

::a@4D Ø
1

24
H-a@0D - 2 a@1DL>>

a@5D == -
a@3D

20
+
3 a@4D

5
ê. :a@3D Ø -

a@0D

6
-
a@1D

6
, a@4D Ø

1

24
H-a@0D - 2 a@1DL>

a@5D ==
1

40
H-a@0D - 2 a@1DL +

1

20

a@0D

6
+
a@1D

6
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Simplify@%D

a@0D

60
+
a@1D

24
+ a@5D == 0

Solve@%, a@5DD

::a@5D Ø
1

120
H-2 a@0D - 5 a@1DL>>

a@6D == -
a@4D

30
+
2 a@5D

3
ê. :a@5D Ø

1

120
H-2 a@0D - 5 a@1DL, a@4D Ø

1

24
H-a@0D - 2 a@1DL>

a@6D ==
1

180
H-2 a@0D - 5 a@1DL +

1

720
Ha@0D + 2 a@1DL

Simplify@%D

7 a@0D

720
+
a@1D

40
+ a@6D == 0

Solve@%, a@6DD

::a@6D Ø
1

720
H-7 a@0D - 18 a@1DL>>

ü 10 terms in each solution

Of course, this same technique is used if we wish to take these to 10 terms each.

Clear@y, a, y1, y2, i, x, lhs, ysoln, eqnset, varset, u1, u2D

y=Sum[a[i] x^i, {i,0,20}] + O[x]^21

a@0D + a@1D x + a@2D x2 + a@3D x3 + a@4D x4 + a@5D x5 + a@6D x6 + a@7D x7 +
a@8D x8 + a@9D x9 + a@10D x10 + a@11D x11 + a@12D x12 + a@13D x13 + a@14D x14 +
a@15D x15 + a@16D x16 + a@17D x17 + a@18D x18 + a@19D x19 + a@20D x20 + O@xD21

y1=D[y,x]

a@1D + 2 a@2D x + 3 a@3D x2 + 4 a@4D x3 + 5 a@5D x4 + 6 a@6D x5 + 7 a@7D x6 + 8 a@8D x7 +
9 a@9D x8 + 10 a@10D x9 + 11 a@11D x10 + 12 a@12D x11 + 13 a@13D x12 + 14 a@14D x13 +
15 a@15D x14 + 16 a@16D x15 + 17 a@17D x16 + 18 a@18D x17 + 19 a@19D x18 + 20 a@20D x19 + O@xD20

y2=D[y1,x]

2 a@2D + 6 a@3D x + 12 a@4D x2 + 20 a@5D x3 + 30 a@6D x4 + 42 a@7D x5 + 56 a@8D x6 + 72 a@9D x7 +
90 a@10D x8 + 110 a@11D x9 + 132 a@12D x10 + 156 a@13D x11 + 182 a@14D x12 + 210 a@15D x13 +
240 a@16D x14 + 272 a@17D x15 + 306 a@18D x16 + 342 a@19D x17 + 380 a@20D x18 + O@xD19

SeriesOPEx.nb   5



lhs=Expand[(1-x)*y2+y]

Ha@0D + 2 a@2DL + Ha@1D - 2 a@2D + 6 a@3DL x + Ha@2D - 6 a@3D + 12 a@4DL x2 +
Ha@3D - 12 a@4D + 20 a@5DL x3 + Ha@4D - 20 a@5D + 30 a@6DL x4 + Ha@5D - 30 a@6D + 42 a@7DL x5 +
Ha@6D - 42 a@7D + 56 a@8DL x6 + Ha@7D - 56 a@8D + 72 a@9DL x7 + Ha@8D - 72 a@9D + 90 a@10DL x8 +
Ha@9D - 90 a@10D + 110 a@11DL x9 + Ha@10D - 110 a@11D + 132 a@12DL x10 +
Ha@11D - 132 a@12D + 156 a@13DL x11 + Ha@12D - 156 a@13D + 182 a@14DL x12 +
Ha@13D - 182 a@14D + 210 a@15DL x13 + Ha@14D - 210 a@15D + 240 a@16DL x14 +
Ha@15D - 240 a@16D + 272 a@17DL x15 + Ha@16D - 272 a@17D + 306 a@18DL x16 +
Ha@17D - 306 a@18D + 342 a@19DL x17 + Ha@18D - 342 a@19D + 380 a@20DL x18 + O@xD19

eqnset=LogicalExpand[lhs==0]

a@0D + 2 a@2D ã 0 && a@1D - 2 a@2D + 6 a@3D ã 0 && a@2D - 6 a@3D + 12 a@4D ã 0 &&
a@3D - 12 a@4D + 20 a@5D ã 0 && a@4D - 20 a@5D + 30 a@6D ã 0 && a@5D - 30 a@6D + 42 a@7D ã 0 &&
a@6D - 42 a@7D + 56 a@8D ã 0 && a@7D - 56 a@8D + 72 a@9D ã 0 && a@8D - 72 a@9D + 90 a@10D ã 0 &&
a@9D - 90 a@10D + 110 a@11D ã 0 && a@10D - 110 a@11D + 132 a@12D ã 0 &&
a@11D - 132 a@12D + 156 a@13D ã 0 && a@12D - 156 a@13D + 182 a@14D ã 0 &&
a@13D - 182 a@14D + 210 a@15D ã 0 && a@14D - 210 a@15D + 240 a@16D ã 0 &&
a@15D - 240 a@16D + 272 a@17D ã 0 && a@16D - 272 a@17D + 306 a@18D ã 0 &&
a@17D - 306 a@18D + 342 a@19D ã 0 && a@18D - 342 a@19D + 380 a@20D ã 0

varset=Table[a[i],{i,2,20}]

8a@2D, a@3D, a@4D, a@5D, a@6D, a@7D, a@8D, a@9D, a@10D,
a@11D, a@12D, a@13D, a@14D, a@15D, a@16D, a@17D, a@18D, a@19D, a@20D<

Solve[eqnset,varset]

::a@2D Ø -
a@0D

2
, a@3D Ø

1

6
H-a@0D - a@1DL, a@4D Ø

1

24
H-a@0D - 2 a@1DL,

a@5D Ø
1

120
H-2 a@0D - 5 a@1DL, a@6D Ø

1

720
H-7 a@0D - 18 a@1DL, a@7D Ø

-33 a@0D - 85 a@1D

5040
,

a@8D Ø
-191 a@0D - 492 a@1D

40 320
, a@9D Ø

-1304 a@0D - 3359 a@1D

362 880
, a@10D Ø

-10 241 a@0D - 26 380 a@1D

3 628 800
,

a@11D Ø
-90 865 a@0D - 234 061 a@1D

39 916 800
, a@12D Ø

-898 409 a@0D - 2 314 230 a@1D

479 001 600
,

a@13D Ø
-9 791 634 a@0D - 25 222 469 a@1D

6 227 020 800
, a@14D Ø

-116 601 199 a@0D - 300 355 398 a@1D

87 178 291 200
,

a@15D Ø
-1 506 023 953 a@0D - 3 879 397 705 a@1D

1 307 674 368 000
, a@16D Ø

-20 967 734 143 a@0D - 54 011 212 472 a@1D

20 922 789 888 000
,

a@17D Ø
-313 009 988 192 a@0D - 806 288 789 375 a@1D

355 687 428 096 000
,

a@18D Ø
-4 987 192 076 929 a@0D - 12 846 609 417 528 a@1D

6 402 373 705 728 000
,

a@19D Ø
-84 469 255 319 601 a@0D - 217 586 071 308 601 a@1D

121 645 100 408 832 000
,

a@20D Ø
-1 515 459 403 675 889 a@0D - 3 903 702 674 137 290 a@1D

2 432 902 008 176 640 000
>>

6   SeriesOPEx.nb



{ysoln}=y/.%

:a@0D + a@1D x -
1

2
a@0D x2 +

1

6
H-a@0D - a@1DL x3 +

1

24
H-a@0D - 2 a@1DL x4 +

1

120
H-2 a@0D - 5 a@1DL x5 +

1

720
H-7 a@0D - 18 a@1DL x6 +

H-33 a@0D - 85 a@1DL x7

5040
+

H-191 a@0D - 492 a@1DL x8

40 320
+

H-1304 a@0D - 3359 a@1DL x9

362 880
+

H-10 241 a@0D - 26 380 a@1DL x10

3 628 800
+

H-90 865 a@0D - 234 061 a@1DL x11

39 916 800
+

H-898 409 a@0D - 2 314 230 a@1DL x12

479 001 600
+

H-9 791 634 a@0D - 25 222 469 a@1DL x13

6 227 020 800
+

H-116 601 199 a@0D - 300 355 398 a@1DL x14

87 178 291 200
+

H-1 506 023 953 a@0D - 3 879 397 705 a@1DL x15

1 307 674 368 000
+

H-20 967 734 143 a@0D - 54 011 212 472 a@1DL x16

20 922 789 888 000
+

H-313 009 988 192 a@0D - 806 288 789 375 a@1DL x17

355 687 428 096 000
+

H-4 987 192 076 929 a@0D - 12 846 609 417 528 a@1DL x18

6 402 373 705 728 000
+

H-84 469 255 319 601 a@0D - 217 586 071 308 601 a@1DL x19

121 645 100 408 832 000
+

H-1 515 459 403 675 889 a@0D - 3 903 702 674 137 290 a@1DL x20

2 432 902 008 176 640 000
+ O@xD21>

ysoln=Collect[ysoln,{a[0],a[1]}]

1 -
x2

2
-
x3

6
-
x4

24
-
x5

60
-
7 x6

720
-
11 x7

1680
-
191 x8

40 320
-
163 x9

45 360
-
1463 x10

518 400
-
18 173 x11

7 983 360
-

898 409 x12

479 001 600
-
1 631 939 x13

1 037 836 800
-
815 393 x14

609 638 400
-
215 146 279 x15

186 810 624 000
-
20 967 734 143 x16

20 922 789 888 000
-

889 232 921 x17

1 010 475 648 000
-
4 987 192 076 929 x18

6 402 373 705 728 000
-
164 657 417 777 x19

237 124 952 064 000
-
30 927 742 932 161 x20

49 651 061 391 360 000
a@0D +

x -
x3

6
-
x4

12
-
x5

24
-
x6

40
-
17 x7

1008
-
41 x8

3360
-
3359 x9

362 880
-
1319 x10

181 440
-
234 061 x11

39 916 800
-
77 141 x12

15 966 720
-

25 222 469 x13

6 227 020 800
-
113 513 x14

32 947 200
-
775 879 541 x15

261 534 873 600
-
964 485 937 x16

373 621 248 000
-
6 450 310 315 x17

2 845 499 424 768
-

178 425 130 799 x18

88 921 857 024 000
-
217 586 071 308 601 x19

121 645 100 408 832 000
-
2 282 867 060 899 x20

1 422 749 712 384 000
a@1D

u1=Coefficient[ysoln,a[0]]

1 -
x2

2
-
x3

6
-
x4

24
-
x5

60
-
7 x6

720
-
11 x7

1680
-
191 x8

40 320
-
163 x9

45 360
-
1463 x10

518 400
-
18 173 x11

7 983 360
-

898 409 x12

479 001 600
-
1 631 939 x13

1 037 836 800
-
815 393 x14

609 638 400
-
215 146 279 x15

186 810 624 000
-
20 967 734 143 x16

20 922 789 888 000
-

889 232 921 x17

1 010 475 648 000
-
4 987 192 076 929 x18

6 402 373 705 728 000
-
164 657 417 777 x19

237 124 952 064 000
-
30 927 742 932 161 x20

49 651 061 391 360 000
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u2=Coefficient[ysoln,a[1]]

x -
x3

6
-
x4

12
-
x5

24
-
x6

40
-
17 x7

1008
-
41 x8

3360
-
3359 x9

362 880
-
1319 x10

181 440
-
234 061 x11

39 916 800
-

77 141 x12

15 966 720
-
25 222 469 x13

6 227 020 800
-
113 513 x14

32 947 200
-
775 879 541 x15

261 534 873 600
-
964 485 937 x16

373 621 248 000
-

6 450 310 315 x17

2 845 499 424 768
-
178 425 130 799 x18

88 921 857 024 000
-
217 586 071 308 601 x19

121 645 100 408 832 000
-
2 282 867 060 899 x20

1 422 749 712 384 000

The two linearly independent solutions to our homogeneous DE are u1(x) + ... and u2(x) + ...

ü some of these partial sums

We generate some initial values and some solution curves.

Clear@pts, ptList, fcnList, c1, c2D;
ptList = 8<; fcnList = 8<;

Do@AppendTo@ptList, 80, c1<D, 8c1, -4, 4, 2<D
For@c1 = -4, c1 § 4,
For@c2 = 0, c2 § 3, c2++, AppendTo@fcnList, u1 c1 + u2 c2DD;
c1 = c1 + 2D

pts = Graphics@8PointSize@LargeD, Point@ptListD<D;
Show@8Plot@fcnList, 8x, -3, 4<, PlotRange Ø 8-9, 11<D, pts<D

-3 -2 -1 1 2 3 4

-5

5

10

Series solutions near an ordinary point for a second order, linear, nonhomogenous DE
    (1-x) y'' + y = 3 x2 - x + 4

ü what can we tell from the DE about a solution?

Note that in standard form, the DE is y'' + (0) y' + J 1
1-x

Ny = J 3 x
2-x+4
1-x

N.  The coefficients are p(x) = 0, q(x) = 1
1-x

, g(x) = 3 x2-x+4
1-x

.

These are analytic (i.e.,Taylor Series with a positive radius of convergence, i.e., have an infinite number of continuous deriva-
tives) at every point of the real line except x0=1.   In other words,  x0=1 is a singular point of the DE and every other point of the
real line is an ordinary point.  In particular, x0=0 is an ordinary point, and we may seek a solution of the form y(x) = ⁄n=0

¶ an xn.
Theory only guarantees that such a series solution converges on the interval (-1,1).  The solution may be good outside of this
interval.

ü 3 terms in each of 2 linearly independent solns
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ü

3 terms in each of 2 linearly independent solns

First state the form of the solution to a desired number of terms.

Clear@y, a, y1, y2, i, x, lhs, ysolnD

y=Sum[a[i] x^i, {i,0,6}] + O[x]^7

a@0D + a@1D x + a@2D x2 + a@3D x3 + a@4D x4 + a@5D x5 + a@6D x6 + O@xD7

Calculate the necessary derivatives

y1=D[y,x]

a@1D + 2 a@2D x + 3 a@3D x2 + 4 a@4D x3 + 5 a@5D x4 + 6 a@6D x5 + O@xD6

y2=D[y1,x]

2 a@2D + 6 a@3D x + 12 a@4D x2 + 20 a@5D x3 + 30 a@6D x4 + O@xD5

Substitute y and its derivatives into the differential equation.

lhs=Expand[(1-x)*y2+y]

Ha@0D + 2 a@2DL + Ha@1D - 2 a@2D + 6 a@3DL x + Ha@2D - 6 a@3D + 12 a@4DL x2 +
Ha@3D - 12 a@4D + 20 a@5DL x3 + Ha@4D - 20 a@5D + 30 a@6DL x4 + O@xD5

Equate the coefficients for corresponding powers of x.

LogicalExpand[lhs == 3 x^2 - x + 4]

-4 + a@0D + 2 a@2D ã 0 && 1 + a@1D - 2 a@2D + 6 a@3D ã 0 &&
-3 + a@2D - 6 a@3D + 12 a@4D ã 0 && a@3D - 12 a@4D + 20 a@5D ã 0 && a@4D - 20 a@5D + 30 a@6D ã 0

Since the DE is second order, we should be able to solve for all but two terms in the series solution.  Since the DE is nonhomoge-
neous, we are not guaranteed to find all in terms of the first two, but it works here.

Solve[%,{a[2],a[3],a[4],a[5],a[6]}]

::a@2D Ø
1

2
H4 - a@0DL, a@3D Ø

1

6
H3 - a@0D - a@1DL, a@4D Ø

1

24
H8 - a@0D - 2 a@1DL,

a@5D Ø
1

120
H21 - 2 a@0D - 5 a@1DL, a@6D Ø

1

720
H76 - 7 a@0D - 18 a@1DL>>

Substitute these back into y.

{ysoln}=y/.%

:a@0D + a@1D x +
1

2
H4 - a@0DL x2 +

1

6
H3 - a@0D - a@1DL x3 +

1

24
H8 - a@0D - 2 a@1DL x4 +

1

120
H21 - 2 a@0D - 5 a@1DL x5 +

1

720
H76 - 7 a@0D - 18 a@1DL x6 + O@xD7>

Collect the terms for the two linearly independent series solutions; we're only showing a certain number of terms in each.
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ysoln=Collect[ysoln,{1, a[0],a[1]}]

2 x2 +
x3

2
+
x4

3
+
7 x5

40
+
19 x6

180
+ 1 -

x2

2
-
x3

6
-
x4

24
-
x5

60
-
7 x6

720
a@0D + x -

x3

6
-
x4

12
-
x5

24
-
x6

40
a@1D

Look at the portions of this solution.  The linearly independent solutions to the associated homogenous equation are 

y1(x) = 1 - x2

2
- x3

6
- x4

24
- x5

60
- 7 x6

720
+. . .  and y2(x) = x - x3

6
- x4

12
- x5

24
- x6

40
+ . . . ;

the particular solution is yp(x) = 2 x2 + x3

2
+ x4

3
+ 7 x5

40
+ 19 x6

180
+... 

u1 = Coefficient@ysoln, a@0DD

1 -
x2

2
-
x3

6
-
x4

24
-
x5

60
-
7 x6

720

u2 = Coefficient@ysoln, a@1DD

x -
x3

6
-
x4

12
-
x5

24
-
x6

40

yp = ysoln - u1 a@0D - u2 a@1D

2 x2 +
x3

2
+
x4

3
+
7 x5

40
+
19 x6

180

ü some of these partial sums

ysoln ê. 8x Ø 0<

a@0D

What is y' (0)?

D@ysoln, xD

4 x +
3 x2

2
+
4 x3

3
+
7 x4

8
+
19 x5

30
+ -x -

x2

2
-
x3

6
-
x4

12
-
7 x5

120
a@0D + 1 -

x2

2
-
x3

3
-
5 x4

24
-
3 x5

20
a@1D

In this case, a[0] is y(0), the y-intercept, and a[1] is the slope of the curve at that point.

D@ysoln, xD ê. 8x Ø 0<

a@1D

Do not worry about the code here; we generate some initial values and some solution curves.  Here we have chosen some points
with different y-intercepts and nonnegative slopes at the initial value of x=0.
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Clear@pts, ptList, fcnList, c1, c2D;
ptList = 8<; fcnList = 8<;

Do@AppendTo@ptList, 80, c1<D, 8c1, -4, 4, 2<D
For@c1 = -4, c1 § 4,
For@c2 = 0, c2 § 3, c2++, AppendTo@fcnList, u1 c1 + u2 c2 + ypD D;
c1 = c1 + 2D

ptList
fcnList

pts = Graphics@8PointSize@LargeD, Point@ptListD<D;
Show@8Plot@fcnList, 8x, -3, 4<, PlotRange Ø 8-9, 11<D, pts<D

880, -4<, 80, -2<, 80, 0<, 80, 2<, 80, 4<<
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:2 x2 +
x3

2
+
x4

3
+
7 x5

40
+
19 x6

180
- 4 1 -

x2

2
-
x3

6
-
x4

24
-
x5

60
-
7 x6

720
,

x + 2 x2 +
x3

3
+
x4

4
+
2 x5

15
+
29 x6

360
- 4 1 -

x2

2
-
x3

6
-
x4

24
-
x5

60
-
7 x6

720
,

2 x2 +
x3

2
+
x4

3
+
7 x5

40
+
19 x6

180
+ 2 x -

x3

6
-
x4

12
-
x5

24
-
x6

40
- 4 1 -

x2

2
-
x3

6
-
x4

24
-
x5

60
-
7 x6

720
,

2 x2 +
x3

2
+
x4

3
+
7 x5

40
+
19 x6

180
+ 3 x -

x3

6
-
x4

12
-
x5

24
-
x6

40
- 4 1 -

x2

2
-
x3

6
-
x4

24
-
x5

60
-
7 x6

720
,

2 x2 +
x3

2
+
x4

3
+
7 x5

40
+
19 x6

180
- 2 1 -

x2

2
-
x3

6
-
x4

24
-
x5

60
-
7 x6

720
,

x + 2 x2 +
x3

3
+
x4

4
+
2 x5

15
+
29 x6

360
- 2 1 -

x2

2
-
x3

6
-
x4

24
-
x5

60
-
7 x6

720
,

2 x2 +
x3

2
+
x4

3
+
7 x5

40
+
19 x6

180
+ 2 x -

x3

6
-
x4

12
-
x5

24
-
x6

40
- 2 1 -

x2

2
-
x3

6
-
x4

24
-
x5

60
-
7 x6

720
,

2 x2 +
x3

2
+
x4

3
+
7 x5

40
+
19 x6

180
+ 3 x -

x3

6
-
x4

12
-
x5

24
-
x6

40
- 2 1 -

x2

2
-
x3

6
-
x4

24
-
x5

60
-
7 x6

720
,

2 x2 +
x3

2
+
x4

3
+
7 x5

40
+
19 x6

180
, x + 2 x2 +

x3

3
+
x4

4
+
2 x5

15
+
29 x6

360
,

2 x2 +
x3

2
+
x4

3
+
7 x5

40
+
19 x6

180
+ 2 x -

x3

6
-
x4

12
-
x5

24
-
x6

40
,

2 x2 +
x3

2
+
x4

3
+
7 x5

40
+
19 x6

180
+ 3 x -

x3

6
-
x4

12
-
x5

24
-
x6

40
,

2 x2 +
x3

2
+
x4

3
+
7 x5

40
+
19 x6

180
+ 2 1 -

x2

2
-
x3

6
-
x4

24
-
x5

60
-
7 x6

720
,

x + 2 x2 +
x3

3
+
x4

4
+
2 x5

15
+
29 x6

360
+ 2 1 -

x2

2
-
x3

6
-
x4

24
-
x5

60
-
7 x6

720
,

2 x2 +
x3

2
+
x4

3
+
7 x5

40
+
19 x6

180
+ 2 x -

x3

6
-
x4

12
-
x5

24
-
x6

40
+ 2 1 -

x2

2
-
x3

6
-
x4

24
-
x5

60
-
7 x6

720
,

2 x2 +
x3

2
+
x4

3
+
7 x5

40
+
19 x6

180
+ 3 x -

x3

6
-
x4

12
-
x5

24
-
x6

40
+ 2 1 -

x2

2
-
x3

6
-
x4

24
-
x5

60
-
7 x6

720
,

2 x2 +
x3

2
+
x4

3
+
7 x5

40
+
19 x6

180
+ 4 1 -

x2

2
-
x3

6
-
x4

24
-
x5

60
-
7 x6

720
,

x + 2 x2 +
x3

3
+
x4

4
+
2 x5

15
+
29 x6

360
+ 4 1 -

x2

2
-
x3

6
-
x4

24
-
x5

60
-
7 x6

720
,

2 x2 +
x3

2
+
x4

3
+
7 x5

40
+
19 x6

180
+ 2 x -

x3

6
-
x4

12
-
x5

24
-
x6

40
+ 4 1 -

x2

2
-
x3

6
-
x4

24
-
x5

60
-
7 x6

720
,

2 x2 +
x3

2
+
x4

3
+
7 x5

40
+
19 x6

180
+ 3 x -

x3

6
-
x4

12
-
x5

24
-
x6

40
+ 4 1 -

x2

2
-
x3

6
-
x4

24
-
x5

60
-
7 x6

720
>

12   SeriesOPEx.nb



-3 -2 -1 1 2 3 4

-5

5
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ü Aiding in handwork

y(x) = ⁄n=0
¶ an xn.  y'(x)  = ⁄n=1

¶ n an xn-1.   y''(x)  = ⁄n=2
¶ nHn - 1L an xn-2. 

3 x2 - x + 4 = (1 - x) y''(x) + y(x)  = ⁄n=2
¶ nHn - 1L an xn-2 - x ⁄n=2

¶ nHn - 1L an xn-2 + ⁄n=0
¶ an xn 

=  ⁄n=2
¶ nHn - 1L an xn-2 - ⁄n=2

¶ nHn - 1L an xn-1 + ⁄n=0
¶ an xn  (let j=n-2 in series 1, j=n-1 in series 2, j=n in series 3)

= ⁄j=0
¶ H j + 2L H j + 1L a j+2 x j - ⁄j=-0

¶ H j + 1L j a j+1 x j + ⁄j=0
¶ a j x j

= ⁄j=0
¶ 9 H j + 2L H j + 1L a j+2 - H j + 1L j a j+1 + a j= x j   

coefficient of x^0

Solve@4 ã 2 a@2D + a@0D, a@2DD

::a@2D Ø
1

2
H4 - a@0DL>>

Expand@%D

::a@2D Ø 2 -
a@0D

2
>>

subs1 = :a@2D Ø 2 -
a@0D

2
>

:a@2D Ø 2 -
a@0D

2
>

Ha@2 + jD H1 + jL H2 + jL - j H1 + jL a@1 + jD + a@jDL ê. 8j Ø 1<

a@1D - 2 a@2D + 6 a@3D

coefficient of x^1

Solve@-1 ã a@1D - 2 a@2D + 6 a@3D, a@3DD

::a@3D Ø
1

6
H-1 - a@1D + 2 a@2DL>>

Expand@%D

::a@3D Ø -
1

6
-
a@1D

6
+
a@2D

3
>>

SeriesOPEx.nb   13



% ê. subs1

::a@3D Ø -
1

6
+
1

3
2 -

a@0D

2
-
a@1D

6
>>

Expand@%D

::a@3D Ø
1

2
-
a@0D

6
-
a@1D

6
>>

subs2 = :a@2D Ø 2 -
a@0D

2
, a@3D Ø

1

2
-
a@0D

6
-
a@1D

6
>

:a@2D Ø 2 -
a@0D

2
, a@3D Ø

1

2
-
a@0D

6
-
a@1D

6
>

Ha@2 + jD H1 + jL H2 + jL - j H1 + jL a@1 + jD + a@jDL ê. 8j Ø 2<

a@2D - 6 a@3D + 12 a@4D

coefficient of x^2

Solve@3 ã a@2D - 6 a@3D + 12 a@4D, a@4DD

::a@4D Ø
1

12
H3 - a@2D + 6 a@3DL>>

% ê. subs2

::a@4D Ø
1

12
1 +

a@0D

2
+ 6

1

2
-
a@0D

6
-
a@1D

6
>>

Expand@%D

::a@4D Ø
1

3
-
a@0D

24
-
a@1D

12
>>

subs3 = :a@2D Ø 2 -
a@0D

2
, a@3D Ø

1

2
-
a@0D

6
-
a@1D

6
, a@4D Ø

1

3
-
a@0D

24
-
a@1D

12
>

:a@2D Ø 2 -
a@0D

2
, a@3D Ø

1

2
-
a@0D

6
-
a@1D

6
, a@4D Ø

1

3
-
a@0D

24
-
a@1D

12
>

coefficient of x^n  for n>=3

Solve@a@2 + jD H1 + jL H2 + jL - j H1 + jL a@1 + jD + a@jD ã 0, a@2 + jDD

::a@2 + jD Ø
-a@jD + j a@1 + jD + j2 a@1 + jD

2 + 3 j + j2
>>

Simplify@%D

::a@2 + jD Ø
-a@jD + j H1 + jL a@1 + jD

2 + 3 j + j2
>>

Factor@%D

::a@2 + jD Ø
-a@jD + j a@1 + jD + j2 a@1 + jD

H1 + jL H2 + jL
>>
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:a@2 + jD Ø
-a@jD + j Hj + 1L a@1 + jD

H1 + jL H2 + jL
> ê. 8j Ø 3<

:a@5D Ø
1

20
H-a@3D + 12 a@4DL>

Expand@%D

:a@5D Ø -
a@3D

20
+
3 a@4D

5
>

% ê. subs3

:a@5D Ø
3

5

1

3
-
a@0D

24
-
a@1D

12
+

1

20
-
1

2
+
a@0D

6
+
a@1D

6
>

Expand@%D

:a@5D Ø
7

40
-
a@0D

60
-
a@1D

24
>

subs4 = :a@2D Ø 2 -
a@0D

2
, a@3D Ø

1

2
-
a@0D

6
-
a@1D

6
, a@4D Ø

1

3
-
a@0D

24
-
a@1D

12
, a@5D Ø

7

40
-
a@0D

60
-
a@1D

24
>

:a@2D Ø 2 -
a@0D

2
, a@3D Ø

1

2
-
a@0D

6
-
a@1D

6
, a@4D Ø

1

3
-
a@0D

24
-
a@1D

12
, a@5D Ø

7

40
-
a@0D

60
-
a@1D

24
>

:a@2 + jD Ø
-a@jD + j Hj + 1L a@1 + jD

H1 + jL H2 + jL
> ê. 8j Ø 4<

:a@6D Ø
1

30
H-a@4D + 20 a@5DL>

Expand@%D

:a@6D Ø -
a@4D

30
+
2 a@5D

3
>

% ê. subs4

:a@6D Ø
2

3

7

40
-
a@0D

60
-
a@1D

24
+

1

30
-
1

3
+
a@0D

24
+
a@1D

12
>

Expand@%D

:a@6D Ø
19

180
-
7 a@0D

720
-
a@1D

40
>
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